We propose a method to measure the hyperfine vectors between a nitrogen-vacancy (NV) center and an environment of interacting nuclear spins. Our protocol enables the generation of tunable electron-nuclear coupling Hamiltonians while suppressing unwanted inter-nuclear interactions. In this manner, each nucleus can be addressed and controlled individually thereby permitting the reconstruction of the individual hyperfine vectors. With this ability the 3D-structure of spin ensembles and spins in bio-molecules can be identified without the necessity of varying the direction of applied magnetic fields. We demonstrate examples including the complete reconstruction of an interacting spin cluster in diamond and 3D imaging of all the nuclear spins in a bio-molecule.
I. INTRODUCTION
Protocols for achieving quantum control and locating the position (positioning) of individual members of nuclear spin ensembles form fundamental building blocks of large scale quantum registers, and may become essential tools for the resolution of the structure and dynamics of individual biomolecules. The nitrogen-vacancy (NV) center in diamond represents a promising physical platform for the realisation of these protocols even under ambient conditions. This is due to the favourable properties of the electron spin of the NV-center which, in addition to its long coherence times, include the possibility for its optical initialization and read-out together with its coherent manipulation by microwave fields [1] [2] [3] .
An ensemble of 13 C nuclear spins in diamond located in the vicinity of the NV center constitutes an ideal candidate for building a robust quantum memory because of its extremely long coherence times. These nuclear spins can be detected and polarized by the NV center [4] [5] [6] [7] [8] [9] [10] [11] and, importantly, NV- 13 C entangling quantum gates can be implemented [12] [13] [14] allowing as an example for the teleportation of quantum information between a nuclear spin and an electron spin in distant diamond samples [15] . Furthermore, NV centers can be implanted close to the diamond surface where they can detect the signal of nuclear spins above the surface with single spin sensitivity [16] which suggests the possibility to examine the structure and dynamics of bio-molecules by means of carefully designed protocols [17] [18] [19] .
To achieve individual addressing and control of nuclear spins it is necessary to determine the different hyperfine interactions between the NV electron and each nucleus. When inter-nuclear interactions can be neglected, individual nuclear spins with distinct Larmor frequencies can be detected [5-8, 10, 11] and their hyperfine fields can be measured by the variation of the direction of static magnetic fields [7, 17] or with the assumed ability to selectively polarize individual spins [20] . However, in situations involving spin ensembles with similar Larmor frequencies, single spin addressing and complete characterization of hyperfine fields are highly demanding. The situation is even more challenging when the nuclei are closely spaced and interacting between each other via dipolar coupling. In this context, the detection of a single two-spin cluster located at a suitable distance from the NV center and the identification of part of their interactions has been achieved [4, 9] . However, a method to identify each spin in a spin cluster and thereby completely characterize the Hamiltonian of the spin-cluster is, to the best of our knowledge, unknown.
Recently, it has been shown that for distant nuclear spins such that an applied magnetic field can be much stronger than the hyperfine interactions, one can significantly improve the addressing of individual nuclear spins [11] . Such a strong magnetic field is also required when nuclear control fields are applied, e.g., for decoupling of nuclear dipolar interactions, since the nuclear Zeeman energies should be much stronger than the amplitudes of nuclear control fields. Importantly, however, under such magnetic fields the method for reconstructing the hyperfine vector described in [7] is not useful anymore. This is because a magnetic field not oriented along the NV symmetry axis causes a different spin mixing in the NV electron ground and excited states. This destroys the optical qualities damaging, therefore, the initialization and readout of NV center. Furthermore, it has been experimentally shown that tilting the magnetic field away from the NV axis reduces the collected photoluminescence, and the difference in fluorescence counts could be noticeable even when the angle between the magnetic field and NV axis is as small as 0.1
• [21] .
In this work, we overcome the difficulties in the measurement of the hyperfine field in spin ensembles and propose a quantum control method for individual spin manipulation and three-dimensional (3D) positioning of spin ensembles. The method combines a robust dynamical decoupling (DD) protocol [11] on NV electron spin with the presence of two radiofrequency (rf) fields acting on the nuclear spins, see Fig. 1 . One of the rf fields, the rf decoupling field, is used to eliminate the internuclear interactions while the other one, the rf control field, is responsible for achieving the selective spin manipulation. The measurement of the directions of hyperfine fields is achieved by using the phase of rf control field to break the symmetry of the system Hamiltonian. Remarkably, this protocol is insensitive to amplitude fluctuations in the rf control field.
Without the need for magnetic field reorientation, which is time consuming in current laboratory set-ups and also affects fluorescence properties of NV centers, our method can implement fast detection, structure analysis, and control of spin ensembles. With the ability to work at strong magnetic fields without changing their directions, good qualities of the optical control on NV electron spin are preserved, and therefore our method has applications in the detection of homonuclear spins with chemical shifts which is relevant for structure determination of bio-molecules.
The paper is organized as follows. In Sec.II we describe the theory that is underlying individual addressing and control of nuclear spins in a nuclear ensemble by an NV center together with the methods to eliminate the internuclear coupling. In Sec.III, schemes to measure the hyperfine interactions and resolving the structure of nuclear spin ensembles are presented with detailed numerical demonstrations, which include 3D positioning of a non-interacting spin ensemble, complete characterization of an interacting 13 C spin cluster, and 3D positioning and imaging of all the nuclear spins in a bio-molecule. The conclusions are drawn in Sec.IV.
II. THEORY AND METHOD

A. Microscopic model
The quantum system composed of an NV center electron spin and its nuclear environment is described by the Hamiltonian
Here the ground-state NV electron spin Hamiltonian is
2 − γ e B · S, where S = (S x , S y , S z ) is a spin-1 operator, the axis of the NV-center is oriented along z-direction with unit vectorẑ, B denotes an external (static) magnetic field, γ e is the electron spin gyromagnetic ratio, and the ground state zero field splitting D = 2π × 2.87 GHz. The nuclear Zeeman Hamiltonian H nZ = − j γ j B· I j , where I j = (I x j , I y j , I z j ) and γ j are the j-th nuclear spin operator and gyromagnetic ratio respectively. Since tilting the magnetic field away from the NV axis will introduce errors in measurements, we fix the magnetic field along the NV symmetry axis B = B zẑ . The electron spin couples to the nuclei via the hyperfine interaction H hf , and the nuclear magnetic dipole-dipole interaction H nn reads
with µ 0 being the vacuum permeability, r j,k = r j − r k the difference between the k-th and j-th nuclear positions, and r j,k = |r j,k |.
Typically the electron-nuclear flip-flop terms in the hyperfine interaction H hf are suppressed by the large energy splitting (∼GHz) between the spin triplet ground states |0 and |m s (m s = ±1) that exceeds significantly the hyperfine coupling. In this way, we write the Hamiltonian H in the rotating frame of H GS NV and, when restricted to the manifold of two Zeeman sublevels |0 and |m s , we find
Here the hyperfine interaction between the NV electron spin and nuclear spins reads
with σ z = |m s m s | − |0 0| and A j the hyperfine vectors. The nuclear Zeeman Hamiltonian becomes
where
and the Larmor frequency ω j = |ω j | is shifted by the hyperfine fields A j . It is the hyperfine vector A j that we wish to measure accurately, which is important in NV center based quantum information processing and sensing.
B. Quantum control
Decoupling of nuclear magnetic dipole interactions
Magnetic dipolar coupling between nuclei, H nn , interferes with the individual NV center-nucleus entangling processes and creates difficulties for single-spin measurement. To show how to suppress the dipolar coupling H nn , we first consider a special case when the Larmor frequencies ω j and hence ω j = |ω j | are equal for the coupled spins. Under a strong magnetic field, the single-spin flipping term in H nn are suppressed, yielding
The interaction H nn given by Eq. (7) can be canceled in a rotating frame where the spins rotate at an angle of arccos(1/ √ 3) (the "magic angle") with respect to B according to the LeeGoldburg irradiation method [22] [23] [24] . This can be achieved by means of rf-driving with a Rabi frequency √ 2∆ and a detuning ∆ with respect to the nuclear energy ω j [25] . When the spinning rate determined by ∆ exceeds the strength of H nn , the internuclear interaction is averaged out.
In the general case, and because of the different values of the hyperfine vectors A j for different nuclei, the Larmor frequencies ω j have distinct values and the quality of the decoupling by magic spinning needs to be reassessed. In Appendix A we show that the dipolar coupling H nn can still be suppressed when the rf decoupling field is strong compared with the differences of ω j . The basic idea is the following. The rf decoupling field for suppressing H nn reads
where the field directionn rf may be fixed by a coplanar waveguide on the diamond chip. In the interaction picture of the nuclear Zeeman Hamiltonian H nZ , the parallel component n z j = (n rf ·ω j )ω j in H rfd (t) is neglected under the rotating wave approximation (RWA) and H rfd (t) drives the spins at the Rabi frequencies Ω rfd j = 1 2 γ j V rfd |n j (φ rfd )|, where the direction of effective rf driving
is perpendicular toω j . Here n x j =n rf − n z j and n y j =ω j ×n rf . Under a strong magnetic field,ω j ≈ẑ and we choose Ω
2∆ on the target spins. Other spin species with different values for γ j are not driven because of the large frequency mismatches under strong magnetic fields. For spins with the same γ j there is a shift in the detuning ∆ given by
which characterizes the shift in ω j . Because the nuclearnuclear interactions decay fast with the distance as 1/r 3 j,k , only closely spaced nuclear spins have non-negligible coupling. Those closely spaced spins have relatively small differences δ j . When the rf driving is much stronger than δ j , i.e., δ j ∆, the coupled spins are following the same magic spinning to a very good approximation and therefore interactions between them are suppressed either by the magic spinning decoupling or by a reduction factor ∝ δ j /∆ (see Appendix A). In this manner, and for the sake of clarity in the presentation, we neglect H nn in the following analytical work but retain it in our numerics.
DD control on the NV center
In order to address a single spin, we apply DD pulse sequences, which can be realized by microwave control or optical driving [2, 26] . In this way decoherence caused by slow magnetic fluctuations (e.g., drifts in static magnetic fields caused by temperature fluctuations) can be efficiently suppressed by the DD sequences through the fast averaging of these effects on the spin states [27] . Each of the DD π pulse flips the electron spin states, i.e., |0 ↔ |m s , in a time much shorter than the time scale of other system dynamics. Therefore in the following the π pulses are treated as instantaneous. Each π pulse introduces a minus sign on the σ z operator in H int [Eq. (4)]. That is, the DD pulse sequence leads to the transformation σ z → F(t)σ z , where the modulation function F(t) takes the values +1 or −1 depending whether an even or odd number of π pulses have been applied. In this way, under DD control the interaction Hamiltonian reads
in a rotating frame with respect to
where H eff nZ and H rfd (t) are given by Eqs. (5) and (8) respectively. In Eq. (11) we haveÃ j (t)
H n (τ)dτ with T being the time-ordering operator. We show in Appendix A that
under a rf field with ω rfd ∼ ω j γ j V rfd . Here A x j and A y j are perpendicular toω j , andν j is the unit vector of
whose modulus reads
Physically,Ã j (t) is the vector A j after two subsequent rotations. The first rotates the vector A j about the axisω j by an angle ω rfd t while the second one is a rotation around the axiŝ ν j by an angle ν j t.
When choosing Ω rfd j = √ 2∆ for achieving internuclear decoupling, see Appendix A, the amplitude of the spinning rate by rf driving
has a strength √ 3∆ up to a spin dependent shift. When there is no rf decoupling field V rfd = ω rfd = 0, ν j = −ω j , and Eq. (13) readsÃ
, which contains terms that oscillate at the Larmor frequency ω j . When the rf decoupling field has been applied,Ã j (t) contains terms that oscillate at the frequencies ν j and ω rfd ± ν j which can be obtained by expandingÃ j (t) with the use of product-tosum trigonometric formulas. In both cases the spin-dependent oscillating harmonics can be utilized to individually address different nuclear spins.
Individual nuclear spin addressing
For periodic DD pulses, the modulation function F(t) = F(t + τ DD ) can be expanded in a Fourier series such that for even F(t) we have
where τ DD = 2π/ω DD describes the period of the DD sequence. The lowest frequency in this expansion, i.e., ω DD characterizes the flipping rate of the NV electron spin by the DD pulses. When ω DD or its multiples do not match the characteristic frequencies of the surrounding nuclear spin ensemble (the Larmor frequencies ω j for the case of no rf decoupling field), then the interaction H int (t) (see Eq. (4)) is suppressed. Under DD control we can arbitrarily tune ω DD and when the DD pulses are tuned to a resonance with the target nuclear spins (e.g., k DD ω DD = ω j for the case of no rf decoupling field) the interaction Hamiltonian in Eq. (11) couples the NV electron and target nuclear spins In the literature, the most widely used DD sequences for coherence protection and spin detection are the Carr-PurcellMeiboom-Gill (CPMG) [28, 29] and the XY family [30, 31] sequences of pulses, which have fixed expansion coefficients
in Eq. (20) . However, recently it was demonstrated that the ability to tune the expansion coefficients f k can lead to a considerable enhancement in resolution and hence single spin addressing [11, [32] [33] [34] . In particular, the adaptive-XY (AXY) sequences in Ref. [11] tune the f k for highly selective spin addressing while remaining robust against detuning and pulse amplitude errors. Under typical error regimes and for typical control parameters in experiments of DD control on NV centers, simulations show that the AXY sequences behave well even when the number of DD pulses reaches several thousands [11] . In this work we adopt the AXY sequence for its excellent abilities for individual spin addressing and robustness, even though the theory to be described below is general and applies to other DD schemes such as CPMG or any decoupling sequence of the XY family.
When the dipolar coupling H nn is negligible during the time of the protocol, the rf decoupling field H rfd (t) in Eq. (8) is not necessary. If H rfd (t) = 0,Ã j (t) [Eq. (13)] has components oscillating at the Larmor frequency ω j . When the frequency of the k DD -th harmonic in the expansion Eq. (20) matches the Larmor frequency ω n of the n-th spin, i.e., the scanning frequency satisfies
we have resonant coupling between the NV center and the nth spin. For a sufficiently strong magnetic field γ j B z ∼ ω j | A j |, we have the effective Hamiltonian under RWA [11] 
whose validity requires that the following conditions are satisfied (with j n)
The first condition, which limits the largest possible k DD , can be reached by a strong magnetic field while the second condition can be met by the AXY sequences, which can tune f k DD to arbitrarily small values without the necessity of using high harmonics, i.e., high values of k DD . The first condition can also be reached by a sufficiently large distance between the NV center and the nuclear spins, because of the reduction of the hyperfine field A j . It should be noted though that a large distance also imposes difficulties on individual spin addressing because of reduced differences among the hyperfine-field shifted Larmor frequencies ω j .
If an rf decoupling field has been used to suppress the interaction H nn ,Ã j (t) [Eq. (13) ] contains terms that oscillate at the frequencies ν j and ω rfd ± ν j . When the resonance conditions
are satisfied, then there is coupling between the NV electron spin and the n-th spin analogous to Eq. (22) . The Larmor frequencies ω n can be detected by scanning simultaneously the frequencies of rf decoupling field and ω DD of pulse sequences. For example, we may choose the rf decoupling field with the Rabi driving Ω rfd j = √ 2∆ and frequency
and, at the same time, the DD sequence with
When the scanning frequency ω scan = ω n , the resonance condition Eq. (25) is reached with δ n = 0 [Eq. (10)]. For nearby spins coupled to the n-th spin, δ j is small, and the rf decoupling field with δ j ∆ suppresses the nuclear dipolar coupling to the n-th spin. Similar to the case in obtaining Eq. (22), we can neglect fast oscillating terms under RWA. The effective Hamiltonian for the resonance Eq. (25) reads
under the conditions Eq. (23),
and the addressing condition
The condition Eq. (30) guarantees the validity of rf driving. The condition Eq. (23) eliminates the static terms inÃ j (t) because of the fast oscillation in F(t). The time-dependent terms inÃ j (t) carry the frequencies ν j ≈ √ 3∆ and ω rfd ± ν j ∼ |γ j B z | because of Eq. (30) , while the function F(t) carries the frequencies kω DD ∼ |γ j B z |k/k DD . Thus, for k = k DD , we need Eq. (31) to eliminate the relevant time-dependent terms, while to eliminate the terms having k k DD , the condition (32) is required. In the case of k DD ∼ 1, the condition (32) becomes Eq. (23) . For the addressed spin with δ n = 0, we obtain
For the resonance k DD ω DD = ν n we have the effective Hamiltonian
when the oscillating terms can be neglected. The Hamiltonians Eq. (22) and Eq. (35) allow for the selective detection of individual nuclear spins in the ensemble. In the next section we will show that by means of an additional rf-field it also becomes possible to position these nuclear spins.
Individual control of nuclear spins
We can selectively control nuclear spins by rf control to allow for the positioning of the nuclear spin. To this end we apply the rf control field H rfc (t) = j γ j V rfc cos(ω rfc t−φ rfc )n rf · I j . Similar to the derivation of Eqs. (13) to (17) , in the rotating frame of H n (t) the control field becomes
As in the case for obtainingÃ j (t) from A j , the vectorñ j (t) is generated by rotatingn rf about the axisω j by an angle ω rfd t followed by the second rotation around the axisν j by an angle ν j t. When the decoupling control H rfd (t) = 0,ñ j (t) = n x j cos(ω j t) + n y j sin(ω j t) + n z j . If we choose ω rfc = ω n , the rf control field
assuming that the rf driving is not too strong, i.e., γ n V rfc ω n and γ n V rfc ω n − ω j [see Eq. (9) for the expression of n n (φ rfc )].
When the decoupling control H rfd (t) 0,ñ j (t) has components oscillating at the frequency ν j or ω rfd ± ν j . We choose weak rf driving γ n V rfc √ 3∆ ω rfd and γ n V rfc ω n − ω j . When the rf frequency is tuned to ω rfc = ω rfd ± ν n = ω n + (1 ± √ 3)∆, we have the effective single spin control
While choosing ω rfc = ν j , we obtain
In the next section we show how with these abilities of selectivity and tunable control on individual nuclear spins we can measure the positions of individual nuclei with high precision.
III. THE PROTOCOL AT WORK: MEASUREMENT OF HYPERFINE INTERACTIONS AND NUCLEAR POSITIONING
Our protocol measures the hyperfine vectors A j and derives the positions of nuclei by studying the response of the electron spin quantum coherence to changes of the available control parameters. In this section we detail the individual steps of the protocol and demonstrate its effectiveness by means of numerical examples for realistic parameter sets.
We initialize the NV electron spin in a coherent superposition state |ψ x ≡ 1 √ 2 (|m s + |0 ) with m s = ±1 by optical initialization followed by a π/2 pulse [1, 2] . For temperatures significantly exceeding the nuclear spin Zeeman energy (< MHz∼ µK), the nuclear spin state is well approximated by ρ B ∝ I B where I B is the identity operator. Hence the initial state is ρ(0) ∝ |ψ x ψ x | ⊗ I B . Following this initialization procedure, we apply DD sequences and the rf fields. The population in the state |ψ x , given by p |ψ x (t) = Tr ρ(t)|ψ x ψ x | , changes when the NV electron spin interacts with the nuclei. We use L 0,m s (t) = 2p |ψ x (t) − 1 to describe the signal. In terms of the states |m s and |0 , the quantity L 0,m s (t) is the off-diagonal part of the reduced NV electron density matrix and represents the quantum coherence [7, 35] .
A. 3D positioning for non-interacting spins
For spins such that their dipolar coupling H nn is negligible, we can individually address them without applying the rf decoupling field in Eq. (8) . To illustrate this situation we have performed simulations on a diamond sample containing 442 13 C spins which have been randomly generated on lattice sites of the diamond structure according to an abundance of 0.5 %. The simulations are carried out by disjoint cluster expansion including dipolar interactions up to a group size of six 13 C [35] and checked with cluster correlation expansion method [36] . We demonstrate the measurement of the hyperfine fields A j and hence the positions of non-interacting nuclear spins.
Addressing a single spin for measurement
To measure the hyperfine vectors A j , we individually address the nuclear spins. According to the theory presented in Sec. II B 3, we tune the frequency k DD ω DD = ω scan by changing the DD pulse intervals. When ω scan matches the resonance frequency of single nuclei, i.e., ω scan = ω j , the coupling Hamiltonian in Eq. (22) is achieved. This interaction entangles the NV electron and the addressed nuclei which induces a dip on the NV coherence L 0,m s . When only the n-th spin is addressed, from Eq. (22), the coherence reads In Fig. 2 , we apply a magnetic field B z = 140.1 G (i.e., γ j B z = 2π×150 kHz for 13 C spins) along the NV axis, which is much stronger than the typical hyperfine fields | A j | in the sample. To fulfill the conditions of Eqs. (23) and (24), we have used k DD = 1 and f 1 = 0.02 in the expansion, see Eq. (20) . Here the AXY sequences have f k = 0, k being 3 or any even number. To achieve a total evolution time of around 1 ms, 1520 pulses are used in the AXY sequences. (Note that, in total 304 robust composite X and Y pulses are applied given that each composite pulse consists of 5 elementary π pulses in the AXY sequences. Each DD period 2π/ω DD contains two composite pulses while a minimal control circle in an AXY-8 sequence has 8 composite pulses.) By scanning the DD frequency ω DD for different values, clear coherence dips, which are signatures of spin addressing, appear, as shown in Fig. 2 . These dips locate at the Larmor frequencies ω j of the nuclear spins, as indicated by the down arrows on the figures. Each of the coherence dips marked by C j on the figures is caused by coupling to a single nuclear spin, which can be confirmed by the sinusoidal coherence oscillations when changing the total evolution time [6, 37] . However, the total DD sequence time has to be integer multiples of the DD pulse interval, which is synchronized with the resonant frequencies ω j = k DD ω DD . Therefore, for a fixed magnetic field B z , continuous plot of the coherence as a function of the total sequence time is impossible. We propose another way to confirm that the coherence dips C j are caused by coupling to a single nuclear spin. Here f 1 by the AXY sequences can be tuned continuously and other parameters are the same as those in Fig. 2 (b) . The red solid line shows the sinusoidal coherence oscillation when ω scan is set to the resonant frequency of the addressed spin denoted by C 1 in Fig. 2 (b) , and the blue dots mark the curves calculated by Eq. (44). Green dashed line is the case that ω scan is set to the frequency dip denoted by M in Fig. 2 (b) , where a few spins contribute the signal.
With the ability of modifying the f 1 coefficient by the AXY sequences, we can tune the NV-nucleus coupling strength continuously and linearly with f 1 , and therefore obtain continuous change of the coherence as a function of f 1 (instead of total sequence time). The red solid line in Fig. 3 shows the coherence when we continuously change the value of f 1 while keeping other parameters unchanged and setting the frequency ω scan to the resonant frequency of a single nuclear spin. We can see clear sinusoidal coherence oscillation which fits the dynamics of a single spin. Note that there is a slight decay of the oscillation with increasing f 1 , because a relatively large f 1 will violate the conditions Eqs. (23) and (24) . This oscillation decay can be reduced by using a longer evolution time. For the coherence dip denoted by M in Fig. 2 (b) , changing f 1 do not produce sinusoidal coherence oscillation, as shown by the green dashed line in Fig. 3 , since the NV electron spin couples to more than one nuclear spins at the position M, at which we can see several resonant frequencies ω j indicated in Fig. 2 (b) . Without the ability of tuning f k , e.g., by using CPMG or XY sequences, the coupling between NV electron and nuclear spins can not be tuned, and this limits the fidelity of two-qubit quantum gates since the interaction time has to be integer multiples of π/ω j , which is fixed for the nuclear spins at a magnetic field. The oscillations of the coherence L 0,m s tuned by f 1 demonstrate that we can finely change the interaction strength and hence enable high-fidelity two-qubit quantum gates between the NV electron and nuclei. For example, for the point with vanishing coherence L 0,m s in Fig. 3 (a) , the NV electron spin and the addressed spin are maximally entangled.
Strength of hyperfine field
After identifying the resonance frequencies ω j by individual spin addressing, we can obtain the strengths of the hyperfine fields. The Larmor frequency ω j = 
Direction of hyperfine field
The direction of A j (note that A j is a vectorial quantity) projected on the plane perpendicular to the magnetic field B zẑ can not be inferred by only reconstructing ω j , i.e. by measuring A j and A ⊥ j . In this respect a method to estimate the relative directions of A j has been recently proposed by utilizing nucleus-nucleus interactions [19] which, however, could be inaccurate because of weak dipolar coupling between the nuclei and the complicated dynamics of many-spin clusters.
Here, we show that the direction of A j can be measured by simply using the rf control field in Eq. (36) . Note that both the effective field direction n j (φ rfc ) [see Eqs. (39) and (9) (22) and (39) for the case without a rf decoupling field and Eqs. (28) and (40) when a rf decoupling field has been applied] and application of H rfc (t) has no effect on the coherence of NV electron spin. Eq. (45) involves the values of the vectorsn rf and A j , as well as the control parameters magnetic field strength B z and magnetic number m s . When n j (φ rfc ) and A x j are not parallel, the rf control field reduces the interaction between the NV electron and the addressed nuclear spin. This reduction of interaction is maximum when n j (φ rfc ) and A x j are perpendicular. Therefore, we can measure the solutions φ rfc to Eq. (45), by which we can infer the direction of A j relative to the NV axisẑ andn rf . An example of the coherence for a certain final evolution time as a function of phase φ rf is shown in Fig. 5 , where vertical lines indicates the situation that n j (φ rfc ) and A x j are parallel. Eq. (45) is invariant under the transformation φ rfc → φ rfc + π (i.e.,n rf → −n rf ), which implies that a single scan of φ rfc left two possible results ±A x j . Additionally we want to comment that the role of the rf field in our protocol is significantly different to the one in [20] where a rf π/2 pulse is used to complete the polarization transfer between the NV center and a target spin.
With two possible ±A x j , we obtain two possible hyperfine fields A j , see Fig. 4 (a) for the actual A j and its non-physical mirror solution. The sign ambiguity of ± A x j can be solved by noting that A j and its non-physical mirror solution generally have different relative angles with respect ton rf . For alignments thatn rf is not perpendicular to the plane spanned byẑ and A x j , as shown in Fig. 4 , the angle between the projected vector n j (0) and A j , the hyperfine field A j is fully determined. Since the scheme does not rely on the amplitudes of the rf field V rfc , amplitude uncertainties do not affect the measurements.
The scheme measures the relative directions amongẑ,n rf , and the hyperfine fields A j . If the direction of rf fieldn rf is unknown, we can define a coordinate system S byẑ and the   FIG. 5. (color online) . Coherence L 0,ms as a function of rf control phase φ rfc . We set ω scan at the resonant frequency denoted by C 2 in Fig. 2 (a) and use f 1 = 0.04 for the AXY sequences. Other parameters are the same as those used in Fig. 2 (a) . Red line is the coherence that a rf control field is applied with a driving amplitude γ j V rfc = 2π × 1 kHz for the 13 C spins. Green dashed dotted line is the coherence without rf control field (V rfc = 0). The vertical dashed lines denote the cases that n j (φ rfc ) and A hyperfine field A j of one nuclear spin. In terms of S,n rf is fixed and the hyperfine fields of other spins are measured in the coordinate S. In our simulation, we assume unknownn rf and define the coordinate S that the hyperfine field A j of the nucleus C 1 in Fig. 2 is aligned in the x −z plane with A j ·x > 0 (see Fig. 6 for the coordinate).
For nuclear spins not too close to the NV center (e.g., the case in our simulations), the hyperfine interaction H hf takes the dipolar form and
From the position dependence of A j , we obtain the nuclear positions r j by solving Eq. (46). Note that the hyperfine interaction H hf is symmetric under placing the nuclei at the opposite directions r j → −r j . Therefore determining H hf alone is not sufficient to distinguish the ambiguity of the sign in ±r j . Using homogeneous magnetic fields along different directions cannot solve this ambiguity, since the Zeeman term γ j B · I j is invariant under r j → −r j . However, we can solve this ambiguity by introducing a gradient magnetic field along the NV axis B z = B z (r) to break the symmetry. When we know that the detected spins are placed at some regions, e.g., on top of the diamond surface (hence NV center), we do not need to distinguish ±r j . From the measured A j , we obtain the positions of the nuclear spins with distances r j ranging from 0.92 to 1.38 nm. In Fig. 6 , we show the actual positions (blue spheres) and the measured ones (red spheres) that are obtained by the measured hyperfine fields.
B. Individual 3D spin positioning for interacting spin clusters
In the previous subsection we have demonstrated the ability of our protocol to deliver positioning of nuclear spins with Angstrom precision in non-interacting spin clusters. In this FIG. 6. (color online) . Comparison of the measured (red spheres) and actual (blue spheres) 13 C positions, indicated by spheres of the diameter a nn = 1.54Å that is the nearest neighbour distance of carbon atoms on the diamond lattice. Measurement uncertainties smaller than 0.5a nn can already fix the positions of 13 C in the lattice sites of diamond. Their measured distances r j rang from 0.92 to 1.38 nm. Other green spheres of a smaller size are other 13 C spins forming a spin bath. The shaded disk has a radius of 1 nm. The measured spin denoted by C 1 defines the coordinate which makes the C 1 spin lie in the x − z plane. The blue line indicates the measured rf field direction ±n rf , which is almost parallel (indistinguishable) to the actual one.
subsection we are now turning to the case of interacting nuclear spin clusters. The procedure to measure the hyperfine fields A j and therefore the positions of the nuclear spins is quite similar to that described in the previous subsection III A.
To show the working principles of our method in this case, we consider a cluster of three coupled nuclear spins (see Table I ) of which the internuclear distances are a nn , a nn , and 2 √ 2/3a nn . Here a nn = 1.54 Å is the nearest neighbor distance between carbon nuclei in the diamond lattice. With a suitably tuned rf decoupling field we can suppress the internuclear dipolar coupling (see [25] and Sec. II B 1) and therefore enable individual spin addressing and positioning. We use a rf decoupling field with ∆ = 20 kHz to suppress internuclear dipolar coupling. This gives rise to the application of an rf field such that its Rabi frequency is ≈ √ 2∆ which implies a decoupling field intensity of ≈ 28 G. Note that control fields with intensities around 0.1 T have already been implemented [38, 39] . In addition, unlike traditional nuclear magnetic resonance in solids that requires switching off of rf control fields to allow for detection windows, a stable rf decoupling field can be turned on during the whole period of our protocol, including NV electron spin initialization and readout, because the frequency of rf decoupling field is far off-resonance to the transition frequencies of the NV electron spin. Therefore, fast switching of rf decoupling is not required in our protocol, and we can use external coils that can avoid possible heating on the diamond sample. The Larmor frequency ω j should be much larger than ∆ to make the rf decoupling control possible. Thus we choose a strong magnetic field with γ j B z = 900 kHz for 13 C spins. To achieve a total evolution time of around 1 ms, the third harmonic (k DD = 3) and 3040 pulses (i.e., 608 composite pulses) are used for the AXY sequences with f 3 = 0.06.
In Fig. 7 (a) , we plot the coherence (red line) using the method that we have described in the previous subsection, i.e., without the application of rf decoupling field, which deviates considerably from the blue dashed line which is obtained by neglecting the internuclear interactions H nn . Indeed, a comparison with the blue dashed line shows that from the red coherence profile positioning of the nuclear spins in the spin cluster is not possible without the assistance of further numerical efforts invested to decode the spectrum. Although computationally feasible for the present case, such a numerical decoding rapidly becomes computationally challenging for even a moderate number of spins (see for example the case of malic acid studied in Section III C) especially when compared with the analysis of the signal provided by our method that can be effectively considered as generated from a set of non-interacting nuclear spins [see Fig. 7 (b) ].
To demonstrate individual addressing and positioning of nuclear spins while suppressing H nn , we choose the control frequencies Eqs. (26) and (27) . When ω scan = ω j , we address the j-th nuclear spin with the interaction Hamiltonian Eq. (28) . With the help of decoupling, we obtain clear single coherence dips as shown in Fig. 7 [40] and originates from condition of Eq. (30) . It should be stressed that this shift does not affect the single spin addressing capability. Indeed Fig. 7 (b) shows that in presence of the decoupling field, the signal response with and without internuclear interaction are essentially indistinguishable.
Because of the large magnetic field in this case, ω j ≈ |γ j B z − m s 2 A j | and we can write A j ≈ A jẑ + A ⊥ jθ j , where the unit vectorθ j is perpendicular toẑ. We can obtain A j with high accuracy using only the spectrum shown Fig. 7 (b) . Under a rf decoupling field, the Hamiltonian addressing the j-th spin is described by Eq. (28) and it changes the coherence as
where the coupling strength |a Resonance patterns for a coupled cluster consisting of three 13 C spins in diamond shown in Table I ). The magnetic field B z ≈ 840.7 G is applied along the NV symmetry axis and we choose m s = −1. we know that the carbon atoms in the spin cluster are closely located. Without determining the sign of ±θ j , we find two possible positions of the spin cluster (the physical one withθ j and its rotated image withθ j → −θ j ). The measured results already provide complete information on the cluster structure (relative positions of nuclear spins). To distinguish the actual position relative to the NV center, we compare the calculated coherence signals with the actual one in Fig. 8 , from which we rule out the non-physical one. The measured positions of the nuclear spins are listed in Table I , from which we can see that the errors are much smaller than the smallest distance between the carbon nuclei a nn in the diamond lattice.
C. 3D imaging for bio-molecules
In this section we demonstrate that our method applies to the determination of the molecular structures. To this end we consider as an example of malic acid (molecular formula C 4 H 6 O 5 ) which plays an important role in biochemistry and is not too large to prevent exact numerical simulations. Malic acid has two stereoisomeric forms, L-and D-enantiomers. The L-malic acid is the naturally occurring form, while the structure of D-malic is the non-superimposable mirror reflection image of L-malic. Discriminating between the L and D -FIG. 8. (color online) . Coherence signal of NV electron spin (the gray dotted line) modulated by the spin cluster denoted in Fig. 7 and the calculated ones using the measured parameters. The coherence calculated by the right choice of the measured parameters (the blue solid line) reproduces the actual one (the gray dotted line). Changing the measured valuesθ j to −θ j gives a calculated coherence (the orange dashed dotted line) that is different from the actual one. By comparing the actual coherence and the calculated ones, the directions of the hyperfine fields and hence the nuclear positions of the spin cluster are completely determined. form typically requires macroscopic samples to allow for example the polarisation rotation of light. Here we aim to show that employing the methods that have been developed here it would become possible to achieve this task on the level of individual molecules. We perform the simulation for a molecule of L-malic acid placed on the surface of a diamond, and an NV center that is implanted 2 nm below the diamond surface. The molecule consists of four 12 C (natural abundance 98.89%), six 1 H (natural abundance 99.985%), and five 16 O (natural abundance 99.76%). The six 1 H spins in the molecule couple to the NV electron spin, and their locations are listed in Table II. We employ the methods described in the previous subsection III B to determine the nuclear positions. In the simulation, we apply a strong magnetic field B z ≈ 1.057 T. The AXY sequences utilize a high harmonic k DD = 225 to reduce the total number of composite pulses to 1200, which corresponds to a total evolution time of around 3 ms. Compared with the case without rf decoupling in Fig. 9 (a) , our method reveals the resonant structures [see Fig. 9 (b) ] and enable individual measurements of the nuclear spins in the molecule. It can be seen in Fig. 9 that with the nuclear spins decoupled the signal of each spin resonance is more pronounced. The spins labeled by H2 and H4 are indistinguishable in the spectrum shown in Table II Table II . With the measured positions, we can identify that the malic acid is the L-enantiomer. With the resolved structure of the spins, the accuracy of the measured positions can be further improved if we compare the calculated and actual coherence data using a larger f k DD and (or) keeping nuclear dipolar coupling.
We can estimate the average time we need to resolve each individual peak in Fig. 9 as follows. Assuming a signal of ∼ 0.1 (the signals in Fig. 9 (b) are larger), we need 100 measurements to reach the signal-to-noise threshold. Using a collection efficiency of 0.2 (see [19] ), the time per shot equalling to the evolution time ∼ 3 ms (the time for NV initialization and measurement is a few microseconds and therefore negligible in the estimation), and a sampling of 10 points per peak, we find that a time of ∼ 15 seconds would be sufficient to resolve each peak. Similarly, the time to determine the relative direction of one spin is ∼ 15 seconds. In this manner, the extraction of each relative spin position takes ∼ 0.5 minutes.
Finally, we want to comment that the noise induced by the surface proximity has been identified as a possible limiting factor for any method trying to obtain information about external spins. More specifically, in Ref. [41] that noise is determined as originating from two different sources, that is slow noise generated by a surface electronic spin bath and a faster noise attributed to surface-modified phononic coupling. In this respect we want to comment that while the slow frequency noise can be significantly mitigated by the application of a high number of microwave pulses, note that in our case the AXY sequence employs 1200 composite pulses, the faster noise can be reduced when the system is driven towards lower temperatures. Additionally we want to comment that further experimental developments as the one presented in Ref. [42] have significantly enhanced the coherence times of shallow NV centers. Furthermore, we want to remark that our method is equally useful for shorter DD sequences, i.e., when the sensing time of each run is reduced, and/or when applied on NV centers located at a larger distance from the surface. In these cases, the signal peaks have overlaps. However, the reconstruction of spin clusters can be efficiently assisted by numerical methods because of the presence of the decoupling field that allows to deal the measured signals as coming from noninteracting spins [7] .
IV. SUMMARY AND DISCUSSIONS
We have developed methods to individually address and control interacting nuclear spins in ensembles through a single NV electron spin. Our protocol allows the suppression of unwanted nucleus-nucleus coupling and interactions between electron spin and the background noise. Thereby the hyperfine fields and hence the 3D positions of nuclear spins are measured. The interactions between the center electron spins and the addressed nuclear spins can be tuned continuously and are changeable to different types of interaction Hamiltonians. Therefore, high-fidelity two-qubit quantum gates between NV electron spin and nuclear spins or selective spin polarization can be implemented by our techniques. With the measurement of the nuclear positions of interacting spins, the structure of the spin clusters can be identified and the nuclear dipoledipole interaction can be obtained. We applied the method to the measured the positions of all the proton spins in a molecule of L-malic acid to show the principles at work. The measured positions are sufficiently accurate to identify the stereoisomeric form of the molecule of malic acid. Our work paves the way to resolve and measure the structures of large-size nuclear spin clusters, which is ideal for solid-state quantum simulators with a long coherence time [25] . The theory and methods developed are not restricted to the study of nuclear spins and can be applied to other spin systems, e.g., systems of an NV center coupled to electron spin labels in bio-molecules.
